We discuss one construction of nonstandard subgroups in the category of Coxeter groups.
Introduction
The central object of this paper is the growth series of a Coxeter group. Many geometric features of such a group (or any group in general) reflect in properties of the growth series. We describe in detail the normal closure of a standard parabolic in a Coxeter group W. It is again a Coxeter group and its Coxeter presentation is given explicitly. We give two formulae for the growth series of such a normal subgroup. The first one is given as a specialization of a multi-variable version of the growth series of W. The second formula works when the normal subgroup is right-angled (this can be easily checked by analysis of the Dynkin diagram of W). The formula is based on counting special subdiagrams of the Dynkin diagram of W.
As an application we construct a flag simple convex polytope, whose f-polynomial has non-real roots. The author would like to thank Tadeusz Januszkiewicz for useful discussions, Paweł Goldstein for his extensive help with the final version of this manuscript and Mike Davis for a preliminary version of [D2] .
Preliminaries on Coxeter Groups
Definition. A Coxeter system (W, S) is a group W together with a set of generators S, and presentation W = S|(st) m st = 1 for all s, t ∈ S , where m ss = 1 (i.e. all the generators have order two) and m st = m ts ∈ {2, 3, . . . , ∞} if s = t.
One reads (st) ∞ = 1 as no relation between s and t imposed. The matrix m is called the Coxeter matrix of W. We usually ignore S and call W a Coxeter group. The subgroup of W generated by T ⊂ S is denoted W T . Such a subgroup is called a standard parabolic or parabolic for short.
Traditionally a Coxeter matrix is depicted in a following decorated graph called Dynkin diagram. Its vertex set is S and any two distinct vertices are joined by an edge with label m st . By convention
• we omit an edge if m st = 2,
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• we omit a label if m st = 3, • we draw double edge instead that labeled by 4 and • we draw dashed edge instead that labeled by ∞.
We will use the following convention for the Cayley graph: the group acts on the left, therefore {g 1 , g 2 } is an edge provided g −1 1 g 2 ∈ S. We say that an edge {g 1 , g 2 } is marked by the generator g −1 1 g 2 . Theorem 1.1 [D2] . Let W be a group generated by a set of involutions S. Let C W be the Cayley graph of (W, S) 
Proof: Assume that r ∈ R(W S ) ∩ W T . Since the action of r is conjugate to that of some generator, the fixpoint set of r also separates C W . Then r and the neutral element e are in different components of C W S − (C W S ) r , and thus in different components of
r . Take any path joining e and r in C W T . Such a path has to intersect the separating fixpoint set (C W T ) r in a midpoint of some edge {w, wt}. Thus rw = wt and, what follows, r = wtw
Definition. The length of an element w of any group with respect to a given generating set S is denoted by ℓ(w) and is equal to the minimal length of a word in S representing w. The word is called reduced if its length is equal to the length of the element it represents. Note: The move (a) is not symmetric, i.e. we do not need creation of a pair ss. In particular any two reduced words representing the same element may be joined by moves of the form (b) only.
Normal closure of a standard parabolic
If m st = 2n + 1 is odd then s and t are conjugates since the relation reads then
If one wants to find a normal closure of a subgroup W T it is convenient to incorporate in T all the generators conjugate to those already in T . This clarifies the assumption of the following Proof : Let t ∈ T and s ∈ T , then the relation st . . . = ts . . ., after substituting the identity for s, becomes trivial exactly when m st is even. Thus (1) follows. This also proves that the relation "s and t are conjugate" is the equivalence closure of the relation "m st is odd". Any element w of W may be written as follows
where t i ∈ T and
, where g i ∈ W T and u i ∈ W S−T , be the endpoints of an edge corresponding to some generator in
On the contrary, if g −1 1 g 2 = utu −1 , then the edge {g 1 , g 2 } in C W T is covered by the edge {g 1 u, g 2 u} in C W . This proves (4).
Let t ∈ S T . By Theorem 1.1 we need to show that the fixpoint set of t separates C W T . Let W + and
Two vertices, one from W + and the other from W − are joined by an edge precisely when they differ by t on the right. Since t is not a conjugate of any element of W S−T all the cosets of W S−T have to lie in W + or W − . Therefore the fixpoint set of t also separates C W T . Thus (5).
Remark 2.2:
If W S−T is not finite, then W T has in general an infinite number of generators.
Coxeter matrix of W T
Definition. Define the support supp w of an element w of a Coxeter group to be the set of generators that appear in its reduced presentation. By Lemma 1.3 this does not depend on the reduced presentation.
Fix t 1 , t 2 ∈ T . Let w * be the shortest element in the double coset If τ 1 = τ 2 then we have
In particular t i commutes with η i Let N be a natural number such that
Then (3.2) reads
Lemma 1.3 implies that w has length at most one, otherwise no cancellation is possible since any reduced form of w does not start with a letter that commutes with t 1 nor ends with a letter that commutes with t 2 .
The case ℓ(w) = 0 is obvious. If w is a generator, then it commutes neither with t 1 nor with t 2 . The only possibility to use Lemma 1.3 is described by the claim.
Multi-variable growth series.
The length function on a Coxeter group may be refined in the following way. Take a set of generators S 0 ⊂ S with the property that whenever s belongs to S 0 , then all the generators conjugate to s belong to S 0 .
Lemma 1.3 implies the following
Corollary. The number (counted with multiplicities) of generators from S 0 appearing in a reduced presentation of w, and denoted ℓ S 0 (w), does not depend on the presentation.
Note that ℓ S 0 satisfies the triangle inequality, i.e.
Let ϕ: S → I be any partition of the generating set into the sets with the above property. We call such a partition allowable. For each w ∈ W define a monomial in indeterminate I:
For any subset A of W, a formal power series A ϕ (x) = w∈A w ϕ (x) is called a multi-variable growth series of A ⊂ W.
The above definition needs some finiteness assumption on (W, S). It is enough to assume that S is finite (if not, the coefficients of the growth series may be infinite). Since we also want to study the growth series of W T , we want to know that S T is finite. Therefore, due to Remark 2.2, we will assume that W S−T is finite.
The notation may look a little ambiguous. However, note that W ϕ does not depend on whether W is a standard parabolic subgroup of some bigger Coxeter group or not. Similarly W T ϕ may denote two things: either a growth series of W T or that of W T ⊂ W. In fact these two series coincide, as shown by the following Proposition 4.1. Assume that T ⊂ S is as in Proposition 2.1 and
There is a well defined prolongation ϕ T of ϕ to S T by requiring that ϕ(wtw −1 ) = ϕ(t) for any t ∈ T and w ∈ W S−T . It is obviously allowable. Then
where the left series is a growth series of W T and on the right that of W T ⊂ W.
Note:
The right hand side is well defined, i.e. there is only a finite number of nonzero coefficients at Jx m 0 for given monomial J in variables different from x 0 . If w ϕ (x) = Jx m 0 then w = w 0 t j 1 w 1 . . . w n−1 t j n w n , where ϕ(t j k ) = J and w k ∈ W S−T . There is only a finite number of possibilities for t j k and w k (notice that we have assumed that W S T is finite).
Proof of Proposition 4.1: Take a reduced word in S representing an element from W T and write it as were not reduced, one would do some cancellations in (4.3), expand the result to obtain the word in S with smaller ℓ ϕ −1 (x) for some x = x 0 than that of (4.2). This would show that (4.2) was not reduced.
Finally (4.2) and (4.3) define the same monomial. Thus the claim.
Theorem 4.4. Under the assumptions of the preceding proposition
Proof : Any element w of W decomposes uniquely as w = w T w 0 where, w T ∈ W T and w 0 ∈ W S−T . We need to show that ℓ ϕ −1 (x) (w) = ℓ ϕ −1 (x) (w T ) for any x = x 0 .
Since ℓ ϕ −1 (x) (w 0 ) = 0, by the triangle inequality we have
Note: Two generators of W T conjugate in W may not be conjugate in W T , thus not every multi variable growth series of W T is specialization of that of W.
Corollary. Assume that T ⊂ S is as in Proposition 2.1. Let ϕ: S → {x 0 , x} be such that ϕ(t) = x if and only if t ∈ T . Then the ordinary growth series of W T and W T are computed as follows:
where W ϕ (x 0 , x) is a multi-variable growth series of W associated to the allowable partition ϕ.
Proof: W ϕ (1, 0) = W S−T (1) = #W S−T .
Right-angled Coxeter groups and flag complexes
Definition. A nerve N W of a Coxeter system (W, S) is a simplicial complex consisting of T ⊂ S such that the subgroup W T is finite.
Remark : Some authors define a nerve as a baricentric subdivision of the above.
Definition 5.1. A Coxeter group is said to be right-angled if m st ∈ {1, 2, ∞} for all s, t ∈ S.
If W is a right-angled Coxeter group, then W T is finite if and only if W T ′ is finite for any twoelement subset T ′ of T , therefore N W is a flag completion of its one-skeleton: T is a face of N W if and only if its one skeleton is contained in N W . Such a simplicial complex is called a flag complex.
On the other hand, let Γ be any graph. Let S denote the set of vertices of Γ. Declare 
where T runs over subsets of S such that W T is finite, and
Corollary 5.4. Assume that W is a right angled Coxeter group. Since no two generators are conjugated, any function ϕ: S → I is an allowable partition and
.
, thus (5.5) follows form Proposition 5.3.
Computation of f-polynomial
Corollary 3.1 implies the following Corollary 6.1. W T is a right-angled Coxeter group if and only if (1) if s ∈ T and t ∈ T then m st ∈ {2, 4, ∞}, and (2) if t, t ′ ∈ T then m tt ′ ∈ {1, 2, ∞}.
Let us describe the basic example which will serve as a model for the general case.
Definition. The Coxeter system (W, S) is of type B k if its Dynkin diagram is the following:
Coxeter group of type B k is the group of symmetries of a regular k-dimensional cube. Assume that the cube has vertices with each coordinate equal to 1 or −1. In this case the generator s 1 corresponds to the reflection in the hyperplane defined by vanishing the first coordinate (s 1 changes the sign of the first coordinate). The group W {s 1 } is right-angled Coxeter group generated by reflections in the hyperplanes defined by vanishing of some coordinate. We will call such a hyperplane a coordinate hyperplane. The parabolic subgroup W {s 2 ,...,s n } is the symmetric group of n letters. It acts by permuting coordinates. Precisely, s k transposes (k − 1)st and kth coordinates. Proof: Family of reflections in coordinate hyperplanes is defined by the intersection of these hyperplanes. Since all such intersections can be conjugated by permuting the coordinates, provided they have the same dimension, the claim follows. Now return to the general question. Let Θ ⊂ S T be a family of commuting generators of a rightangled group W T . The aim of the rest of the present Section is to compute the f-polynomial of N W T in case when W T is right angled, in terms of the Coxeter matrix of (W, S) (in contrast with Theorem 4.4, which gives the f-polynomial in terms of the growth series of W).
In order to compute the f-polynomial of its nerve we need to determine maximal families of commuting conjugates of generators.
Theorem 6.4. Assume that T is as in Corollary 6.1. For any commuting family Θ of conjugates of generators there is a unique subset Σ ⊂ S of the same cardinality as Θ, such that (1) W Σ is finite, and if for any t ∈ T ′ = T ∩ Σ the set of vertices of the connected component of the Dynkin diagram of W Σ containing t is denoted by Σ t , then:
• t is the unique element of Σ t ∩ T and it is the distinguished generator s 1 ; (2) there exists w Θ ∈ W S−T such that
Lemma 6.5. If G is a finite subgroup of a Coxeter group, then it is conjugate to a subgroup of some finite standard parabolic.
Proof : Any Coxeter group acts on its Davis complex [D1] which is CAT(0) (nonpositively curved) by the theorem of Moussong [M] . The only stabilizers of that action are the conjugates of finite standard parabolics. The claim follows, since any action of a finite group on a CAT(0) complex has a fixed point [BH] .
Obviously, since the set of parabolic subgroups is closed under the intersection, there exist unique smallest parabolic containing G. Proof of Theorem 6.4: Since a family Θ of commuting involutions generates a finite subgroup, by Lemma 6.5 we may assume that Θ lies in a finite parabolics W S ′ . Let T ′ denote a set of those elements of T whose conjugates appear in Θ. We claim that T ′ ⊂ S ′ ∩ T and moreover that each element of Θ is conjugated to some element of T ′ by an element of W S ′ . Indeed, by Corollary 1.2 each element of Θ (being a reflection) is conjugated inside W S ′ to some generator from S ′ . By Corollary 6.1 no element of T is a conjugate of any other generator from S, thus the claim. 
From the definition it follows that any Coxeter group is the product of its finite parabolics corresponding to the connected components of its Dynkin diagram. Thus Note that Θ determines Σ but Σ determines Θ only up to conjugacy. In order to count all commuting families conjugate to Θ we need to understand the action of W S−T on the set of families as in Theorem 6.4 (1).
Let Σ be such a family. The stabilizer of Σ is the centralizer of Σ in W S−T , i.e. W Σ 0 , where
Summarizing the above we have proved Theorem 6.6. The f-polynomial of W T reads
Where the sum runs over all subsets Σ satisfying Theorem 6.4 (1).
This formula allows the following refinement. Assume that σ ⊂ τ ∈ N W . The corresponding families Σ σ and Σ τ satisfy Σ σ t ⊂ Σ τ t for all t ∈ T . However if we set σ and Σ such that Σ σ t ⊂ Σ t for all t ∈ T , then there are several τ wit the property τ ⊃ σ and Σ τ ⊂ Σ.
The centralizer of Σ σ act on the set of such τ. thus the number of such τ equals
Definition. The link Lk σ of σ a simplex in a simplicial complex X is a subcomplex consisting of all τ ∈ X such that τ * = σ ∪ τ ∈ X and σ ∩ τ = ∅.
Corollary 6.7. Fix a simplex σ ∈ N W T . It is the commuting family corresponding to Σ σ ⊂ S. The f-polynomial of the link of σ reads
(k(t) − k σ (t))! .
